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A mathematical model is developed to investigate the effect of thermal conductivity on the
combustion synthesis of intermetallics. The governing equations are solved using a
high-order-implicit numerical scheme capable of accommodating the steep spatial and
temporal gradients of properties. A parametric study is then performed to elucidate reaction
characteristics (propagation type, steady-state propagation velocity, peak temperature, etc.) in
terms of the thermal conductivity ratio, κ = kp/kr . The predicted results appear plausible and
consistent with the trends presented in the available literature.
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1. Introduction
The production of certain ceramics, intermetallics,
and composite materials by self-propagating high-
temperature synthesis (SHS) has become increasingly
popular due to its many advantages over conven-
tional production techniques. These benefits include low
cost/energy requirements, high homogeneity throughout
the product, reduced microstructural segregation, low
contamination, and the relative simplicity of the process
[1, 2]. The growing popularity of SHS has led to a number
of experimental, theoretical and numerical studies aimed
at improving our understanding of the processes involved
[1–4]. However, existing theoretical and numerical stud-
ies have typically relied on oversimplifications such as the
assumption of constant thermal conductivity throughout
the specimen. Further work is therefore desirable to elu-
cidate the effects of variable thermophysical properties.
This is the subject of the present paper.

By definition, SHS involves initiating an exothermic,
condensed-phase chemical reaction between two or more
species to obtain the desired product. There exist two
distinct modes of SHS, differing primarily in the man-
ner in which the reaction progresses. The first, com-
monly referred to as combustion synthesis, involves ig-
niting the constituent powder compact at one or more
surfaces and allowing the reaction front to propagate as
a combustion wave throughout the remaining material. In
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the second mode (i.e. explosion synthesis), the tempera-
ture of the powder compact is raised above the ignition
point of the system thus allowing the entire mass to react
simultaneously.

While under the appropriate conditions the exother-
mic nature of the reaction allows the process to become
steadily self-sustaining, SHS is very sensitive to the pro-
cess parameters and material properties and other reaction
patterns are possible (i.e. oscillatory propagation, finger-
ing, and reaction extinction) [5–7].

In order to fully realize the potential of SHS, it is im-
perative that the individual and cumulative effects of the
various material and process parameters on the charac-
teristics of both the reaction itself and the final product
be fully understood. Process parameters such as preheat
temperature, porosity, and the amount of reactant dilution,
have all been shown experimentally to have a strong ef-
fect on the behavior of the combustion synthesis process
[6, 8–13]. The material properties of the various phases
also influence the reaction significantly [4, 6, 13, 14].
Thus, there have been numerous attempts to model SHS
to study the process through numerical experiments, and
to apply existing knowledge for optimization of industrial
SHS processes.

Experimental data and numerical analysis both suggest
that the effective thermal conductivity, keff , is one of the
most important parameters impacting reaction behavior
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during combustion synthesis [5, 10, 15, 16]. This in-
fluence is further complicated by temporal and spatial
variations in keff arising from its functional dependence
on a number of parameters, both material and otherwise.
These parameters include species concentration, temper-
ature, and porosity. While a number of previous studies
of combustion synthesis have included different conduc-
tivities for the different phases [16, 17], very little has
been done to specifically explore the effects of variable
thermal conductivity on the reaction characteristics. This
issue is particularly important when considering the ef-
fect of non-material (morphological) parameters such as
porosity, particle size, particle packing, etc., as these are
all expected to significantly affect the propagation of the
reaction front during synthesis. For example, a number
of authors have reported an increase in porosity behind
the reaction front, possibly due to the rapid expansion
of trapped gas within the interstitial pores [3, 18]. This
increase in porosity undoubtedly affects keff , potentially
leading to a large conductivity gradient (∂keff/∂z) in the
vicinity of the reaction front.

In this paper, the effect of thermal conductivity on the
behavior of the combustion synthesis process is inves-
tigated. Specifically, differences in the effective thermal
conductivity on either side of the reaction front accom-
panied by a conductivity gradient in the reaction zone
itself are considered. Fig. 1 illustrates the combustion
synthesis process and the associated differences in ef-
fective thermal conductivity for the reactant, combustion
and product phases. While in practice these differences
may be either material or process dependent, the exact
source is of less concern than the overall effect on the
propagation of the reaction front. A model is developed
to simulate the process taking into account variations in

Figure 1 Schematic of the combustion synthesis process, the corresponding
temperature profile, and the effective thermal conductivity for the reactant,
combustion, and product regions.

keff as the reaction progresses. A parametric study is then
performed to elucidate reaction characteristics (propaga-
tion type, steady-state propagation velocity, peak tem-
perature, etc.) in terms of the thermal conductivity ratio,
κ = kp/kr.

2. Formulation
2.1. Governing equations
Simulation of solid-solid combustion synthesis requires
the simultaneous solution of the coupled equations for
energy conservation and chemical reaction. Assuming
negligible mass transfer (i.e. limited liquid phase convec-
tion through the powder compact), the adiabatic energy
equation can be expressed as a simple, one-dimensional
transient heat conduction equation:

ρcp
∂T

∂t
= ∂

∂z

(
keff

∂T

∂z

)
+ Ṡ (1)

where ρ is the density, cp is the specific heat, T is the
temperature, keff is the effective thermal conductivity of
the bulk material, z and t are the spatial and temporal co-
ordinates, respectively, and Ṡ is a source term accounting
for the energy produced by the reaction.

Assuming a stoichiometric mixture of reactant pow-
ders, the Arrhenius type nth-order rate equation describ-
ing the reaction kinetics takes the following form:

Ṡ = ρ�H f · exp

(
− Q R

RG T

) (
1 − f p

)n
(2)

where �Hf is the heat of reaction, A is the frequency
factor, QR is the activation energy, RG is the gas constant,
fp is the fraction of the product phase, and n is the order
of the reaction.

For the specific case considered here in which
keff = keff(z), Equation 1 can be expanded as follows:

ρcp
∂T

∂t
= keff

∂2T

∂z2
+ ∂keff

∂z

∂T

∂z
(3)

Note that in cases where keff in the reaction and product
zones differ significantly, the second term on the right
hand side of Equation 3 is expected to figure prominently
near the reaction zone due to the large conductivity gra-
dients.

2.2. Non-dimensionalization
The governing equations can be non-dimensionalized by
defining the following relations:

T = T

T ∗ , H = H

cpT ∗ , t = t

t∗

z = z

z∗ , k = keff

k∗ , γ = Q R

RG T ∗ (4)
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where T∗ and k∗ are reference values for temperature
and thermal conductivity, respectively, and the remain-
ing starred terms are defined as:

t∗ = exp(γ )

A
, z∗ =

(
k∗t∗

ρcp

)1/2

(5)

Within this framework, Eq. 3 can be expressed in non-
dimensional form as:

∂T

∂t
= k

∂2T

∂z2 + ∂k

∂z

∂T

∂z
+ Ṡ (6)

Similarly, Eq. 2 becomes:

Ṡ = �H f · exp(γ (1 − 1/T ))(1 − f p)n (7)

A non-adiabatic form of Eq. 6 that takes into account
convection and radiation at the exposed surface is:

∂T

∂t
= k

∂2T

∂z2 + ∂k

∂z

∂T

∂z
+C1(T ∞ −T )+C2(T

4
∞ −T

4
)+ Ṡ

(8)
where T ∞is the dimensionless ambient temperature and
C1 and C2 are the dimensionless heat transfer coefficients
for convection and radiation, respectively. The coeffi-
cients are defined as:

C1 = 2h

RN

(
t∗

ρcp

)
, C2 = 2σε

RN
(T ∗)3

(
t∗

ρcp

)
(9)

where RN is the radius of the cylindrical cross-section.

3. Numerical solution procedure
3.1. Operator compact implicit method
Due to the steep spatial and temporal gradients inherent
in combustion synthesis, a high-order compact finite dif-
ference scheme is adopted to approximate the governing
equations. This approach provides an improved repre-
sentation of the different length scales over the standard
central differencing scheme, thereby increasing spatial ac-
curacy to a nearly spectral-like resolution [19]. While a
standard high-order scheme is appropriate in cases where
keff is assumed constant [7, 14], the mixed order deriva-
tives apparent in Equations 6 and 8 require an alternative
approach [20, 21].

The operator compact implicit (OCI) method allows
accurate representation of mixed derivatives of the type
[20]:

L(u) = a(x)uxx + b(x)ux = f (10)

Rather than approximating the individual derivatives, the
OCI method involves obtaining a relationship between
the spatial derivative operator, L(u), and the function u.
Furthermore, by limiting the stencil size to three adja-
cent points, the tridiagonality of the matrices is retained,

thus solutions are readily obtainable. The tridiagonal OCI
relationship takes the form:

q+
i (L(u))i+1 + qo

i (L(u))i + q−
i (L(u))i−1

= r+
i ui+1 + ro

i ui + r−
i ui−1

h2
(11)

where h is the node width and the qi and ri terms are both
functions of the spatial derivative coefficients as defined
in [20 ]:

q+
i = 6ai ai−1 + h(5ai−1bi − 2ai bi−1) − h2bi bi−1 (12)

qo
i = 4[15ai+1ai−1 − 4h(ai+1bi−1 − ai−1bi+1)

−h2bi+1bi−1] (13)

q−
i = 6ai ai+1 − h(5ai+1bi − 2ai bi+1) − h2bi bi+1 (14)

r+
i = 1

2

[
q+

i (2ai+1 + 3hbi+1) + qo
i (2ai + hbi )

+ q−
i (2ai−1 − hbi−1)

]
(15)

r−
i = 1

2

[
q+

i (2ai+1 + hbi+1) + qo
i (2ai − hbi )

+ q−
i (2ai−1 − 3hbi−1)

]
(16)

ro
i = −(r+

i + r−
i ) (17)

For the case of adiabatic combustion synthesis with vari-
able thermal conductivity, k:

L(T )i =
{

∂T

∂t
− Ṡ

}
i

(18)

and

qi = q(ai , bi ) = q

(
k,

∂k

∂z

)
i

,

ri = r (ai , bi ) = r

(
k,

∂k

∂z

)
i

(19)

Relationships for the non-adiabatic case can be similarly
obtained by adding the C1 and C2 terms of Eq. 8 to L(T ).

3.2. Computational details
The algebraic equations are integrated over spatial and
temporal grids that have been systematically optimized
to obtain sufficient numerical accuracy of the solution.
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T AB L E I . Material properties used in the computations

Parameter Units NiTi Mg2Ni

ρ kg/m3 6450 2860
cp J/kg·K 439.0 483.8
�Hf kJ/mol −66.5 −372.4
A s−1 3.0 × 109 5.46 × 108

QR kJ/mol 201 159
N 2 2

This process results in the choice of time steps in the
range 6.25 × 10−9 to 5.0 × 10−6 s and node spacings of
1.0 × 10−7 to 1.0 × 10−5 m, depending on the complex-
ity of the specific reaction.

Two representative material systems were considered in
this study: NiTi and Mg2Ni. The relevant thermophysical
properties for the reactions are provided in Table I.

4. Results and discussions
Fig. 2a shows the dimensionless temperature T 0 profiles at
consecutive times for the adiabatic combustion synthesis
of NiTi with conductivity ratio κ = kp/kr = 5.0. The cor-
responding product fraction profiles are shown in Fig. 2b.
For this value of κ , the reaction assumes a steady prop-
agation profile following the initial preheat and ignition
stages. For the NiTi reaction initiated in compacts pre-
heated to T 0 = 0.51 (T0 = 600 K), this steady profile ap-
pears to be representative of all κ>1.0.

Figure 3 Steady-state reaction velocity, vss
R , versus κ for combustion syn-

thesis of NiTi.

Fig. 3 depicts the steady state reaction front velocity,
vss

R , as a function of κ for the NiTi system. The ve-
locity was calculated from the data using the following
equation:

vss
R = (zB − z A)�z

(tB − tA)�t
(20)

where zA and zB are nodes at the ends of the region
of steady state propagation and tA and tB are the corre-
sponding time steps at which the reaction front reaches

Figure 2 Plot of (a) dimensionless temperature, T , and (b) product fraction, fp, profiles: NiTi, κ = 5.0, �t = 5.0 × 10−3 s.

4172



Figure 4 Representative temperature profiles at the reaction front during
NiTi synthesis for various values of κ .

nodes A and B, respectively. The data predicts an exponen-
tial increase in vss

R with increasing κ . This trend appears
somewhat counterintuitive since a higher thermal conduc-
tivity ahead of the reaction front might be expected to help
to preheat and ignite the reactants. Rather, the opposite be-
havior is observed. This trend is probably attributable to
the development of a thinner reaction zone with increas-

ing κ . In other words, a lower conductivity ahead of the
reaction front helps to concentrate the heat generated dur-
ing the reaction in the adjacent, unreacted ‘layer’. Thus,
most of the available energy is used to ignite the adjacent
reactants rather than allowing the energy to diffuse too far
ahead of the reaction zone. This behavior is illustrated in
Fig. 4, which shows the temperature profile in the vicinity
of the reaction zone for various values of κ . An increase in
κ (corresponding to a decrease in kr, assuming constant
kp) results in a steeper temperature gradient and thus a
thinner reaction zone.

While the reaction propagates steadily for κ>1.0, at
κ = 1.0 the steady propagation front ultimately degener-
ates into an oscillatory pattern as shown in Fig. 5. For
κ<1.0, the oscillatory propagation front develops imme-
diately as illustrated in Fig. 6 for the case of κ = 0.5.
These observations can again be explained in terms of the
thickness of the reaction front. While the reaction zone re-
mains relatively thin in the case of steady propagation, the
temperature gradient decreases significantly as a result of
the high thermal conductivity ahead of the reaction below
κ = 1.0. The reduced temperature gradient coupled with a
slower propagation velocity causes extensive preheating
well ahead of the reaction front without the immediate
onset of combustion. Ultimately, this preheating results
in the bulk ignition of a portion (i.e., multiple layers) of

Figure 5 Plot of (a) dimensionless temperature, T , and (b) product fraction, fp, profiles: NiTi, κ = 1.0, �t = 5.0 × 10−3 s.
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Figure 6 Plot of (a) dimensionless temperature, T , and (b) product fraction, fp, profiles: NiTi, κ = 0.5, �t = 5.0 × 10−3 s.

the reactants. Heat is then conducted ahead of the bulk
reaction zone and the process repeats itself, leading to the
observed oscillatory pattern.

When the average propagation velocity data for the os-
cillatory cases are included in the Figure (represented by
‘o’ in Fig. 3) with the steady propagation data, a sharp
deviation from the established trend is observed. Rather
than maintain a linear dependence on κ , the average prop-
agation velocity decreases much more quickly with de-
creasing κ . Furthermore, no self-sustaining synthesis was
observed for κ = 0.1, even after a prolonged ignition pe-
riod. This result indicates that explosion (bulk) synthesis
is the only feasible synthesis mode in systems exhibiting
a κ value below a certain threshold.

For comparative purposes, additional cases were sim-
ulated using thermophysical properties approximating
those of the Mg2Ni system (see Table I). In terms of
their effect on reaction behavior, the most significant dif-
ferences between the two systems are the higher enthalpy
of formation (�Hf ), lower activation energy (QR), and
lower density (ρ) associated with Mg2Ni.

Fig. 7(a) shows the dimensionless temperature profiles
at consecutive times for the adiabatic combustion synthe-

sis of Mg2Ni for κ = 5.0 and T
Mg2Ni
0 = T

NiTi
0 = 0.51.

The corresponding product fraction profiles are shown in
Fig. 7(b). As was the case for NiTi (κ = 5.0), the reaction
assumes a steady propagation profile following the ini-

tial preheat and ignition stages. However, unlike the NiTi
system which develops propagation instabilities below
κ = 1.0, the Mg2Ni system exhibits no such instabilities
throughout the entire range of interest (0.1 < κ < 15.0).

Fig. 8 shows the steady state reaction front velocity, vss
R ,

as a function of κ for the Mg2Ni system. As expected, the
data predicts an increase invss

R with increasing κ though
the relationship is not quite as pronounced as that observed
in the NiTi system. A two order-of-magnitude increase in
κ results in about 117% increase invss

R while an increase of
almost 160% was observed in the case of NiTi for a single
order-of-magnitude increase in κ . Thus, for the range of κ

values investigated here,vss
R appears to be approaching a

maximum propagation velocity. This result seems to agree
with the limiting expression developed for the reaction
propagation velocity assuming an infinitely thin reaction
zone [12, 15, 22].

The differences between the behaviors of the two sys-
tems at low κ are likely due to the high adiabatic re-
action temperature, Ta, associated with Mg2Ni synthesis
(Ta ≡�Hf /ρcp = 7174 K versus 1422 K for NiTi). A
higher reaction temperature tends to promote ignition in
the adjacent reactant layer before a significant amount of
heat can diffuse ahead of the reaction zone, even in cases
where the thermal conductivity ahead of the reaction is
significantly larger than that in the product region (i.e. low
values of κ). Thus, the reaction propagation velocity, vR,
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Figure 7 Plot of (a) dimensionless temperature, T , and (b) product fraction, fp, profiles: Mg2Ni, κ = 5.0, �t = 5.0 × 10−6 s.

Figure 8 Steady-state reaction velocity, vss
R , versus κ for combustion syn-

thesis of Mg2Ni.

remains well above the temperature propagation velocity,
vT , defined here as:

vT (t∗) = 2C(κ, T0, Ta)
( α

t∗
)1/2

(21)

where the constant C is defined by means of the inverse
error function, erf−1, as:

C(κ, T0, Ta) = erf−1

(
Teq − Ta

T0 − Ta

)
(22)

Equation (21) represents the integrated average of the in-
stantaneous thermal front velocity over the characteristic
time, t∗ (i.e. the average of the time rate of change of the
position of Teq). Teq represents the equilibrium tempera-
ture at the interface between two materials exhibiting dif-
ferent thermophysical properties and initial temperatures.
For the case of uniform density and specific heat but vary-
ing thermal conductivity (ρA = ρB, cp,A = cp,B, kA �= kB),
Teq is defined as:

Teq =
(

k1/2
p Ta + k1/2

r T0

k1/2
p + k1/2

r

)
=

(
κ1/2Ta + T0

κ1/2 + 1

)
(23)

Fig. 9 shows the temperature-to-reaction propagation
velocity ratio, vT /vR, as a function of κ for both the NiTi
and Mg2Ni systems. By definition, large ratios suggest
that a significant amount of heat is able to diffuse ahead
of the reaction. Conversely, small ratios indicate that the
reaction front advances significantly faster than the aver-
age thermal velocity. Thus, this ratio can be interpreted as
a measure of the average reaction zone thickness, δR, with
lower ratios corresponding to narrower reaction zones.
Over the range of interest in this investigation, the prop-
agation ratio for Mg2Ni is significantly lower than that
of NiTi; for κ ≤ 0.5, the difference exceeds one order-
of-magnitude. These lower ratios suggest that the actual
reaction zone in Mg2Ni synthesis closely resembles the
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Figure 9 Temperature-reaction propagation velocity ratio as a function of κ .

ideal case (δR → 0); thus a steady propagation velocity
approaching the maximum theoretical value is observed
for all values of κ .

In the NiTi system however, a low κ has been shown
to lead to oscillatory propagation. The relatively large
propagation ratio in these cases indicates that the onset
of oscillatory propagation is likely due to a degeneration
of the reaction front. In other words, as vT approaches
vR, enough heat diffuses into the unreacted material so as
to initiate premature ignition well ahead of the reaction
front rather than in just the immediately adjacent layer.
This premature bulk reaction is then followed by a cool-
ing period after which a normal reaction front develops
once again. As the reaction intensifies, excessive heat is
again allowed to diffuse ahead of the reaction zone. This
process is self-repeating, producing temperature and con-
centration profiles such as those in Fig. 6. Fig. 10 shows a
schematic representation of this process. Each cycle of os-
cillatory propagation begins with a coherent reaction front
exhibiting a steep temperature gradient with only limited
penetration into the unreacted material (Fig. 10(a)). As
the reaction front proceeds with velocity, vR, thermal dif-
fusion raises the temperature of the reactants increasingly
ahead of the reaction front. The rate of thermal diffusion
into the unreacted material is represented here in terms of
the average velocity, vT , of the reactant-product interface
equilibrium temperature, Teq (Fig. 10(b)). Eventually, the
higher temperature ahead of the reaction front leads to
a significant increase in the reaction front velocity. This
continues as the reaction front accelerates through the
region affected by the thermal diffusion (Fig. 10(c)). A
coherent reaction front again develops and the process
repeats (Fig. 10(d)).

Further reductions in κ corresponding to even larger
propagation ratios initially produce a decaying oscillatory

Figure 10 Schematic representation of oscillatory propagation during com-
bustion synthesis: (a) each cycle begins with a coherent reaction front; (b)
the high thermal diffusion rate causes the thermal velocity, vT , to exceed the
reaction velocity, vR; (c) bulk ignition occurs in the preheated region; (d) a
coherent front develops again and the process repeats.
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front and subsequently, no observable reaction beyond the
ignition surface. In these cases, dissipation of heat from
the reaction front is too great to sustain the reaction to
completion. Thus, the only reaction mode available for
complete combustion appears to be bulk ignition through-
out the entire compact by raising its internal temperature
above the ignition point.

5. Conclusions
The effect of thermal conductivity on the combustion syn-
thesis of intermetallics has been investigated. Specifically,
a difference in the effective thermal conductivity on ei-
ther side of the reaction front was studied to determine
its influence on propagation behavior. A numerical model
was developed to simulate the process, taking into account
variations in keff as the reaction progresses. The governing
equations were solved using a high-order-implicit numer-
ical scheme capable of accommodating the steep spatial
and temporal gradients of properties. The predicted results
appear plausible and consistent with the trends presented
in the available literature. However, a direct comparison
with the experimental data was impossible due to the lack
of detailed information on the change of effective ther-
mal conductivity as the reaction progresses. The major
findings of the study may be summarized thus:

• Increasing the ratio of the product conductivity to the
reactant conductivity (κ) results in a higher propaga-
tion velocity.

• For moderately exothermic reactions, decreasing κ

below a critical value leads to the onset of propa-
gation instabilities (i.e. oscillatory propagation, bulk
ignition).

• A larger κ corresponds to a thinner reaction zone.
• A larger κ leads to a higher steady-state combustion

temperature.

The results obtained in this study can provide guidance
in specifying stable and acceptable processing paths for
the combustion synthesis of intermetallics. While the ef-
fective thermal conductivity of the unreacted phase has
long been known to affect the behavior of the reaction

front, it has been shown here that the ratio between the
thermal conductivities of the reacted and unreacted ma-
terial plays an equally significant role. Thus, it should
be feasible to promote steady propagation or otherwise
enhance the combustion behavior by adjusting the con-
ductivity ratio, κ . This is easily accomplished through
control of the initial compact porosity, reactant dilution,
etc.
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